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Physics from data

Finding constants of nature that generalize in space and time

Galileo Kepler Descartes



Galileo with a Computer
Homework Assignment for Next Week



The discovery of empirical laws
• The standard model was

x ∼ y

• The art of scientific discovery was in finding which variables  and  follow that law and setting 
up an experiment for it


• The craft involved: designing an experimental setup that

• Quantifies very specific properties of the world — a controlled environment

• The resulting relationship between a controllable input and a changing output is linear

•

x y

Flow Variable Potential Variable



Laws are linear
Hooke’s law (1678)

F = �kx
<latexit sha1_base64="XLi8QQemdxUYWSuwp9fYekbqwXk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBiyGpH20PQkERjxVsLbShbLbbdulmE3c3Ygn9E148KOLVv+PNf+O2jaCiDwYe780wM8+POFPacT6szNz8wuJSdjm3srq2vpHf3GqoMJaE1knIQ9n0saKcCVrXTHPajCTFgc/pjT88m/g3d1QqFoprPYqoF+C+YD1GsDZS8wKdooMhuu/kC45dKVXK5SKakePDlJxUkGs7UxQgRa2Tf293QxIHVGjCsVIt14m0l2CpGeF0nGvHikaYDHGftgwVOKDKS6b3jtGeUbqoF0pTQqOp+n0iwYFSo8A3nQHWA/Xbm4h/ea1Y98pewkQUayrIbFEv5kiHaPI86jJJieYjQzCRzNyKyABLTLSJKGdC+PoU/U8aRdt1bPfqqFA9T+PIwg7swj64UIIqXEIN6kCAwwM8wbN1az1aL9brrDVjpTPb8APW2yfsu49D</latexit><latexit sha1_base64="XLi8QQemdxUYWSuwp9fYekbqwXk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBiyGpH20PQkERjxVsLbShbLbbdulmE3c3Ygn9E148KOLVv+PNf+O2jaCiDwYe780wM8+POFPacT6szNz8wuJSdjm3srq2vpHf3GqoMJaE1knIQ9n0saKcCVrXTHPajCTFgc/pjT88m/g3d1QqFoprPYqoF+C+YD1GsDZS8wKdooMhuu/kC45dKVXK5SKakePDlJxUkGs7UxQgRa2Tf293QxIHVGjCsVIt14m0l2CpGeF0nGvHikaYDHGftgwVOKDKS6b3jtGeUbqoF0pTQqOp+n0iwYFSo8A3nQHWA/Xbm4h/ea1Y98pewkQUayrIbFEv5kiHaPI86jJJieYjQzCRzNyKyABLTLSJKGdC+PoU/U8aRdt1bPfqqFA9T+PIwg7swj64UIIqXEIN6kCAwwM8wbN1az1aL9brrDVjpTPb8APW2yfsu49D</latexit><latexit sha1_base64="XLi8QQemdxUYWSuwp9fYekbqwXk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBiyGpH20PQkERjxVsLbShbLbbdulmE3c3Ygn9E148KOLVv+PNf+O2jaCiDwYe780wM8+POFPacT6szNz8wuJSdjm3srq2vpHf3GqoMJaE1knIQ9n0saKcCVrXTHPajCTFgc/pjT88m/g3d1QqFoprPYqoF+C+YD1GsDZS8wKdooMhuu/kC45dKVXK5SKakePDlJxUkGs7UxQgRa2Tf293QxIHVGjCsVIt14m0l2CpGeF0nGvHikaYDHGftgwVOKDKS6b3jtGeUbqoF0pTQqOp+n0iwYFSo8A3nQHWA/Xbm4h/ea1Y98pewkQUayrIbFEv5kiHaPI86jJJieYjQzCRzNyKyABLTLSJKGdC+PoU/U8aRdt1bPfqqFA9T+PIwg7swj64UIIqXEIN6kCAwwM8wbN1az1aL9brrDVjpTPb8APW2yfsu49D</latexit><latexit sha1_base64="XLi8QQemdxUYWSuwp9fYekbqwXk=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBiyGpH20PQkERjxVsLbShbLbbdulmE3c3Ygn9E148KOLVv+PNf+O2jaCiDwYe780wM8+POFPacT6szNz8wuJSdjm3srq2vpHf3GqoMJaE1knIQ9n0saKcCVrXTHPajCTFgc/pjT88m/g3d1QqFoprPYqoF+C+YD1GsDZS8wKdooMhuu/kC45dKVXK5SKakePDlJxUkGs7UxQgRa2Tf293QxIHVGjCsVIt14m0l2CpGeF0nGvHikaYDHGftgwVOKDKS6b3jtGeUbqoF0pTQqOp+n0iwYFSo8A3nQHWA/Xbm4h/ea1Y98pewkQUayrIbFEv5kiHaPI86jJJieYjQzCRzNyKyABLTLSJKGdC+PoU/U8aRdt1bPfqqFA9T+PIwg7swj64UIIqXEIN6kCAwwM8wbN1az1aL9brrDVjpTPb8APW2yfsu49D</latexit>

Ohm’s law (1781)

I = V/R
<latexit sha1_base64="QpV+6pgV8a0hfWfumGjn/w5MbPQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgad2NjyQHIaAHvUUxD0iWMDuZJENmZ5eZWSEs+QgvHhTx6vd482+cJCuoaEFDUdVNd5cfcaa043xYmYXFpeWV7GpubX1jcyu/vdNQYSwJrZOQh7LlY0U5E7Sumea0FUmKA5/Tpj+6mPrNeyoVC8WdHkfUC/BAsD4jWBupeY3OUePotpsvOHalVCmXi2hOTo9TclZBru3MUIAUtW7+vdMLSRxQoQnHSrVdJ9JegqVmhNNJrhMrGmEywgPaNlTggCovmZ07QQdG6aF+KE0JjWbq94kEB0qNA990BlgP1W9vKv7ltWPdL3sJE1GsqSDzRf2YIx2i6e+oxyQlmo8NwUQycysiQywx0SahnAnh61P0P2kUbdex3ZuTQvUyjSMLe7APh+BCCapwBTWoA4ERPMATPFuR9Wi9WK/z1oyVzuzCD1hvn0QgjuM=</latexit><latexit sha1_base64="QpV+6pgV8a0hfWfumGjn/w5MbPQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgad2NjyQHIaAHvUUxD0iWMDuZJENmZ5eZWSEs+QgvHhTx6vd482+cJCuoaEFDUdVNd5cfcaa043xYmYXFpeWV7GpubX1jcyu/vdNQYSwJrZOQh7LlY0U5E7Sumea0FUmKA5/Tpj+6mPrNeyoVC8WdHkfUC/BAsD4jWBupeY3OUePotpsvOHalVCmXi2hOTo9TclZBru3MUIAUtW7+vdMLSRxQoQnHSrVdJ9JegqVmhNNJrhMrGmEywgPaNlTggCovmZ07QQdG6aF+KE0JjWbq94kEB0qNA990BlgP1W9vKv7ltWPdL3sJE1GsqSDzRf2YIx2i6e+oxyQlmo8NwUQycysiQywx0SahnAnh61P0P2kUbdex3ZuTQvUyjSMLe7APh+BCCapwBTWoA4ERPMATPFuR9Wi9WK/z1oyVzuzCD1hvn0QgjuM=</latexit><latexit sha1_base64="QpV+6pgV8a0hfWfumGjn/w5MbPQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgad2NjyQHIaAHvUUxD0iWMDuZJENmZ5eZWSEs+QgvHhTx6vd482+cJCuoaEFDUdVNd5cfcaa043xYmYXFpeWV7GpubX1jcyu/vdNQYSwJrZOQh7LlY0U5E7Sumea0FUmKA5/Tpj+6mPrNeyoVC8WdHkfUC/BAsD4jWBupeY3OUePotpsvOHalVCmXi2hOTo9TclZBru3MUIAUtW7+vdMLSRxQoQnHSrVdJ9JegqVmhNNJrhMrGmEywgPaNlTggCovmZ07QQdG6aF+KE0JjWbq94kEB0qNA990BlgP1W9vKv7ltWPdL3sJE1GsqSDzRf2YIx2i6e+oxyQlmo8NwUQycysiQywx0SahnAnh61P0P2kUbdex3ZuTQvUyjSMLe7APh+BCCapwBTWoA4ERPMATPFuR9Wi9WK/z1oyVzuzCD1hvn0QgjuM=</latexit><latexit sha1_base64="QpV+6pgV8a0hfWfumGjn/w5MbPQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgad2NjyQHIaAHvUUxD0iWMDuZJENmZ5eZWSEs+QgvHhTx6vd482+cJCuoaEFDUdVNd5cfcaa043xYmYXFpeWV7GpubX1jcyu/vdNQYSwJrZOQh7LlY0U5E7Sumea0FUmKA5/Tpj+6mPrNeyoVC8WdHkfUC/BAsD4jWBupeY3OUePotpsvOHalVCmXi2hOTo9TclZBru3MUIAUtW7+vdMLSRxQoQnHSrVdJ9JegqVmhNNJrhMrGmEywgPaNlTggCovmZ07QQdG6aF+KE0JjWbq94kEB0qNA990BlgP1W9vKv7ltWPdL3sJE1GsqSDzRf2YIx2i6e+oxyQlmo8NwUQycysiQywx0SahnAnh61P0P2kUbdex3ZuTQvUyjSMLe7APh+BCCapwBTWoA4ERPMATPFuR9Wi9WK/z1oyVzuzCD1hvn0QgjuM=</latexit>

Fourier’s law (1822)

q = �k
dT

dx
<latexit sha1_base64="5Q5aU1MD3Sh90xVQZFww8ObAXTo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEN4aktsYuhIIuXFboC9pQJpNJO3TycGYilhDwV9y4UMSt3+HOv3H6EFT0wIXDOfdy7z1uzKiQpvmh5RYWl5ZX8quFtfWNzS19e6clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oYuK3bwkXNAobchwTJ0CDkPoUI6mkvr53A8/h8Qj2fI5w6jWy1LvLYF8vmkb11KpUbKiIfVKumjNSKtvQMswpimCOel9/73kRTgISSsyQEF3LjKWTIi4pZiQr9BJBYoRHaEC6ioYoIMJJp+dn8FApHvQjriqUcKp+n0hRIMQ4cFVngORQ/PYm4l9eN5H+mZPSME4kCfFskZ8wKCM4yQJ6lBMs2VgRhDlVt0I8RCoIqRIrqBC+PoX/k1bJsEzDui4Xa5fzOPJgHxyAI2ABG9TAFaiDJsAgBQ/gCTxr99qj9qK9zlpz2nxmF/yA9vYJW7iVIg==</latexit><latexit sha1_base64="5Q5aU1MD3Sh90xVQZFww8ObAXTo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEN4aktsYuhIIuXFboC9pQJpNJO3TycGYilhDwV9y4UMSt3+HOv3H6EFT0wIXDOfdy7z1uzKiQpvmh5RYWl5ZX8quFtfWNzS19e6clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oYuK3bwkXNAobchwTJ0CDkPoUI6mkvr53A8/h8Qj2fI5w6jWy1LvLYF8vmkb11KpUbKiIfVKumjNSKtvQMswpimCOel9/73kRTgISSsyQEF3LjKWTIi4pZiQr9BJBYoRHaEC6ioYoIMJJp+dn8FApHvQjriqUcKp+n0hRIMQ4cFVngORQ/PYm4l9eN5H+mZPSME4kCfFskZ8wKCM4yQJ6lBMs2VgRhDlVt0I8RCoIqRIrqBC+PoX/k1bJsEzDui4Xa5fzOPJgHxyAI2ABG9TAFaiDJsAgBQ/gCTxr99qj9qK9zlpz2nxmF/yA9vYJW7iVIg==</latexit><latexit sha1_base64="5Q5aU1MD3Sh90xVQZFww8ObAXTo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEN4aktsYuhIIuXFboC9pQJpNJO3TycGYilhDwV9y4UMSt3+HOv3H6EFT0wIXDOfdy7z1uzKiQpvmh5RYWl5ZX8quFtfWNzS19e6clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oYuK3bwkXNAobchwTJ0CDkPoUI6mkvr53A8/h8Qj2fI5w6jWy1LvLYF8vmkb11KpUbKiIfVKumjNSKtvQMswpimCOel9/73kRTgISSsyQEF3LjKWTIi4pZiQr9BJBYoRHaEC6ioYoIMJJp+dn8FApHvQjriqUcKp+n0hRIMQ4cFVngORQ/PYm4l9eN5H+mZPSME4kCfFskZ8wKCM4yQJ6lBMs2VgRhDlVt0I8RCoIqRIrqBC+PoX/k1bJsEzDui4Xa5fzOPJgHxyAI2ABG9TAFaiDJsAgBQ/gCTxr99qj9qK9zlpz2nxmF/yA9vYJW7iVIg==</latexit><latexit sha1_base64="5Q5aU1MD3Sh90xVQZFww8ObAXTo=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEN4aktsYuhIIuXFboC9pQJpNJO3TycGYilhDwV9y4UMSt3+HOv3H6EFT0wIXDOfdy7z1uzKiQpvmh5RYWl5ZX8quFtfWNzS19e6clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oYuK3bwkXNAobchwTJ0CDkPoUI6mkvr53A8/h8Qj2fI5w6jWy1LvLYF8vmkb11KpUbKiIfVKumjNSKtvQMswpimCOel9/73kRTgISSsyQEF3LjKWTIi4pZiQr9BJBYoRHaEC6ioYoIMJJp+dn8FApHvQjriqUcKp+n0hRIMQ4cFVngORQ/PYm4l9eN5H+mZPSME4kCfFskZ8wKCM4yQJ6lBMs2VgRhDlVt0I8RCoIqRIrqBC+PoX/k1bJsEzDui4Xa5fzOPJgHxyAI2ABG9TAFaiDJsAgBQ/gCTxr99qj9qK9zlpz2nxmF/yA9vYJW7iVIg==</latexit>

Fick’s law (1855)

J = �D
dC

dx
<latexit sha1_base64="y6aW28hTOrwXEe6gTerEExgbShk=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCG0tSW2MXQqFdiKsK9gFtKJPJpB06eTAzEWsI/oobF4q49T/c+TdOH4KKHrhwOOde7r3HiRgV0jA+tMzC4tLySnY1t7a+sbmlb++0RBhzTJo4ZCHvOEgQRgPSlFQy0ok4Qb7DSNsZ1SZ++4ZwQcPgWo4jYvtoEFCPYiSV1Nf3LuE5PK7DnscRTtxamri3aV/PG4XKqVkuW1AR66RUMWakWLKgWTCmyIM5Gn39veeGOPZJIDFDQnRNI5J2grikmJE014sFiRAeoQHpKhognwg7mV6fwkOluNALuapAwqn6fSJBvhBj31GdPpJD8dubiH953Vh6Z3ZCgyiWJMCzRV7MoAzhJAroUk6wZGNFEOZU3QrxEKkcpAosp0L4+hT+T1rFgmkUzKtSvlqfx5EF++AAHAETWKAKLkADNAEGd+ABPIFn7V571F6011lrRpvP7IIf0N4+AWmGlJk=</latexit><latexit sha1_base64="y6aW28hTOrwXEe6gTerEExgbShk=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCG0tSW2MXQqFdiKsK9gFtKJPJpB06eTAzEWsI/oobF4q49T/c+TdOH4KKHrhwOOde7r3HiRgV0jA+tMzC4tLySnY1t7a+sbmlb++0RBhzTJo4ZCHvOEgQRgPSlFQy0ok4Qb7DSNsZ1SZ++4ZwQcPgWo4jYvtoEFCPYiSV1Nf3LuE5PK7DnscRTtxamri3aV/PG4XKqVkuW1AR66RUMWakWLKgWTCmyIM5Gn39veeGOPZJIDFDQnRNI5J2grikmJE014sFiRAeoQHpKhognwg7mV6fwkOluNALuapAwqn6fSJBvhBj31GdPpJD8dubiH953Vh6Z3ZCgyiWJMCzRV7MoAzhJAroUk6wZGNFEOZU3QrxEKkcpAosp0L4+hT+T1rFgmkUzKtSvlqfx5EF++AAHAETWKAKLkADNAEGd+ABPIFn7V571F6011lrRpvP7IIf0N4+AWmGlJk=</latexit><latexit sha1_base64="y6aW28hTOrwXEe6gTerEExgbShk=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCG0tSW2MXQqFdiKsK9gFtKJPJpB06eTAzEWsI/oobF4q49T/c+TdOH4KKHrhwOOde7r3HiRgV0jA+tMzC4tLySnY1t7a+sbmlb++0RBhzTJo4ZCHvOEgQRgPSlFQy0ok4Qb7DSNsZ1SZ++4ZwQcPgWo4jYvtoEFCPYiSV1Nf3LuE5PK7DnscRTtxamri3aV/PG4XKqVkuW1AR66RUMWakWLKgWTCmyIM5Gn39veeGOPZJIDFDQnRNI5J2grikmJE014sFiRAeoQHpKhognwg7mV6fwkOluNALuapAwqn6fSJBvhBj31GdPpJD8dubiH953Vh6Z3ZCgyiWJMCzRV7MoAzhJAroUk6wZGNFEOZU3QrxEKkcpAosp0L4+hT+T1rFgmkUzKtSvlqfx5EF++AAHAETWKAKLkADNAEGd+ABPIFn7V571F6011lrRpvP7IIf0N4+AWmGlJk=</latexit><latexit sha1_base64="y6aW28hTOrwXEe6gTerEExgbShk=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCG0tSW2MXQqFdiKsK9gFtKJPJpB06eTAzEWsI/oobF4q49T/c+TdOH4KKHrhwOOde7r3HiRgV0jA+tMzC4tLySnY1t7a+sbmlb++0RBhzTJo4ZCHvOEgQRgPSlFQy0ok4Qb7DSNsZ1SZ++4ZwQcPgWo4jYvtoEFCPYiSV1Nf3LuE5PK7DnscRTtxamri3aV/PG4XKqVkuW1AR66RUMWakWLKgWTCmyIM5Gn39veeGOPZJIDFDQnRNI5J2grikmJE014sFiRAeoQHpKhognwg7mV6fwkOluNALuapAwqn6fSJBvhBj31GdPpJD8dubiH953Vh6Z3ZCgyiWJMCzRV7MoAzhJAroUk6wZGNFEOZU3QrxEKkcpAosp0L4+hT+T1rFgmkUzKtSvlqfx5EF++AAHAETWKAKLkADNAEGd+ABPIFn7V571F6011lrRpvP7IIf0N4+AWmGlJk=</latexit>

Darcy’s law (1856)

Q =
kA

µL
�p

<latexit sha1_base64="tvVhAc0DF2yc664ARjlcN7tvSsc="></latexit><latexit sha1_base64="tvVhAc0DF2yc664ARjlcN7tvSsc="></latexit><latexit sha1_base64="tvVhAc0DF2yc664ARjlcN7tvSsc="></latexit><latexit sha1_base64="tvVhAc0DF2yc664ARjlcN7tvSsc="></latexit>

Pascal’s law (1653)

�p = ⇢g�h
<latexit sha1_base64="672HPOS4Cd4cU/8EydXyTIY1EIc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUhqa+xCKNiFywr2AU0ok+mkGTp5MDMRSii48VfcuFDErT/hzr9x2kZQ0QMXDufcy733eAmjQprmh1ZYWl5ZXSuulzY2t7Z39N29johTjkkbxyzmPQ8JwmhE2pJKRnoJJyj0GOl648uZ370lXNA4upGThLghGkXUpxhJJQ30A6dJmEQwgRfQ4UEMRzBXgoFeNo36mVWr2VAR+7RaNxekUrWhZZhzlEGO1kB/d4YxTkMSScyQEH3LTKSbIS4pZmRaclJBEoTHaET6ikYoJMLN5j9M4bFShtCPuapIwrn6fSJDoRCT0FOdIZKB+O3NxL+8fir9czejUZJKEuHFIj9lUMZwFggcUk6wZBNFEOZU3QpxgDjCUsVWUiF8fQr/J52KYZmGdV0tN5p5HEVwCI7ACbCADRrgCrRAG2BwBx7AE3jW7rVH7UV7XbQWtHxmH/yA9vYJAqCWfw==</latexit><latexit sha1_base64="672HPOS4Cd4cU/8EydXyTIY1EIc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUhqa+xCKNiFywr2AU0ok+mkGTp5MDMRSii48VfcuFDErT/hzr9x2kZQ0QMXDufcy733eAmjQprmh1ZYWl5ZXSuulzY2t7Z39N29johTjkkbxyzmPQ8JwmhE2pJKRnoJJyj0GOl648uZ370lXNA4upGThLghGkXUpxhJJQ30A6dJmEQwgRfQ4UEMRzBXgoFeNo36mVWr2VAR+7RaNxekUrWhZZhzlEGO1kB/d4YxTkMSScyQEH3LTKSbIS4pZmRaclJBEoTHaET6ikYoJMLN5j9M4bFShtCPuapIwrn6fSJDoRCT0FOdIZKB+O3NxL+8fir9czejUZJKEuHFIj9lUMZwFggcUk6wZBNFEOZU3QpxgDjCUsVWUiF8fQr/J52KYZmGdV0tN5p5HEVwCI7ACbCADRrgCrRAG2BwBx7AE3jW7rVH7UV7XbQWtHxmH/yA9vYJAqCWfw==</latexit><latexit sha1_base64="672HPOS4Cd4cU/8EydXyTIY1EIc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUhqa+xCKNiFywr2AU0ok+mkGTp5MDMRSii48VfcuFDErT/hzr9x2kZQ0QMXDufcy733eAmjQprmh1ZYWl5ZXSuulzY2t7Z39N29johTjkkbxyzmPQ8JwmhE2pJKRnoJJyj0GOl648uZ370lXNA4upGThLghGkXUpxhJJQ30A6dJmEQwgRfQ4UEMRzBXgoFeNo36mVWr2VAR+7RaNxekUrWhZZhzlEGO1kB/d4YxTkMSScyQEH3LTKSbIS4pZmRaclJBEoTHaET6ikYoJMLN5j9M4bFShtCPuapIwrn6fSJDoRCT0FOdIZKB+O3NxL+8fir9czejUZJKEuHFIj9lUMZwFggcUk6wZBNFEOZU3QpxgDjCUsVWUiF8fQr/J52KYZmGdV0tN5p5HEVwCI7ACbCADRrgCrRAG2BwBx7AE3jW7rVH7UV7XbQWtHxmH/yA9vYJAqCWfw==</latexit><latexit sha1_base64="672HPOS4Cd4cU/8EydXyTIY1EIc=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUhqa+xCKNiFywr2AU0ok+mkGTp5MDMRSii48VfcuFDErT/hzr9x2kZQ0QMXDufcy733eAmjQprmh1ZYWl5ZXSuulzY2t7Z39N29johTjkkbxyzmPQ8JwmhE2pJKRnoJJyj0GOl648uZ370lXNA4upGThLghGkXUpxhJJQ30A6dJmEQwgRfQ4UEMRzBXgoFeNo36mVWr2VAR+7RaNxekUrWhZZhzlEGO1kB/d4YxTkMSScyQEH3LTKSbIS4pZmRaclJBEoTHaET6ikYoJMLN5j9M4bFShtCPuapIwrn6fSJDoRCT0FOdIZKB+O3NxL+8fir9czejUZJKEuHFIj9lUMZwFggcUk6wZBNFEOZU3QpxgDjCUsVWUiF8fQr/J52KYZmGdV0tN5p5HEVwCI7ACbCADRrgCrRAG2BwBx7AE3jW7rVH7UV7XbQWtHxmH/yA9vYJAqCWfw==</latexit>

Newton’s law of

viscosity (1701)

⌧ = µ
du

dy
<latexit sha1_base64="stodDU1k9uS+57hL4Z1WoUoiMKE=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4CkltrV0IBV24rGAf0IQymU7aoTNJmIdQQsGNv+LGhSJu/Ql3/o3Th6CiB+7lcM69zNwTpoxK5bof1sLi0vLKam4tv76xubVt7+w2ZaIFJg2csES0QyQJozFpKKoYaaeCIB4y0gqHFxO/dUuEpEl8o0YpCTjqxzSiGCkjde19XyENz6HPNfQjgXDWg3ps2mjctQuuUz31yuUKNKRyUqq6M1IsVaDnuFMUwBz1rv3u9xKsOYkVZkjKjuemKsiQUBQzMs77WpIU4SHqk46hMeJEBtn0hjE8MkoPRokwFSs4Vb9vZIhLOeKhmeRIDeRvbyL+5XW0is6CjMapViTGs4cizaBK4CQQ2KOCYMVGhiAsqPkrxANkklAmtrwJ4etS+D9pFh3PdbzrUqF2OY8jBw7AITgGHqiAGrgCddAAGNyBB/AEnq1769F6sV5nowvWfGcP/ID19gl4c5dx</latexit><latexit sha1_base64="stodDU1k9uS+57hL4Z1WoUoiMKE=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4CkltrV0IBV24rGAf0IQymU7aoTNJmIdQQsGNv+LGhSJu/Ql3/o3Th6CiB+7lcM69zNwTpoxK5bof1sLi0vLKam4tv76xubVt7+w2ZaIFJg2csES0QyQJozFpKKoYaaeCIB4y0gqHFxO/dUuEpEl8o0YpCTjqxzSiGCkjde19XyENz6HPNfQjgXDWg3ps2mjctQuuUz31yuUKNKRyUqq6M1IsVaDnuFMUwBz1rv3u9xKsOYkVZkjKjuemKsiQUBQzMs77WpIU4SHqk46hMeJEBtn0hjE8MkoPRokwFSs4Vb9vZIhLOeKhmeRIDeRvbyL+5XW0is6CjMapViTGs4cizaBK4CQQ2KOCYMVGhiAsqPkrxANkklAmtrwJ4etS+D9pFh3PdbzrUqF2OY8jBw7AITgGHqiAGrgCddAAGNyBB/AEnq1769F6sV5nowvWfGcP/ID19gl4c5dx</latexit><latexit sha1_base64="stodDU1k9uS+57hL4Z1WoUoiMKE=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4CkltrV0IBV24rGAf0IQymU7aoTNJmIdQQsGNv+LGhSJu/Ql3/o3Th6CiB+7lcM69zNwTpoxK5bof1sLi0vLKam4tv76xubVt7+w2ZaIFJg2csES0QyQJozFpKKoYaaeCIB4y0gqHFxO/dUuEpEl8o0YpCTjqxzSiGCkjde19XyENz6HPNfQjgXDWg3ps2mjctQuuUz31yuUKNKRyUqq6M1IsVaDnuFMUwBz1rv3u9xKsOYkVZkjKjuemKsiQUBQzMs77WpIU4SHqk46hMeJEBtn0hjE8MkoPRokwFSs4Vb9vZIhLOeKhmeRIDeRvbyL+5XW0is6CjMapViTGs4cizaBK4CQQ2KOCYMVGhiAsqPkrxANkklAmtrwJ4etS+D9pFh3PdbzrUqF2OY8jBw7AITgGHqiAGrgCddAAGNyBB/AEnq1769F6sV5nowvWfGcP/ID19gl4c5dx</latexit><latexit sha1_base64="stodDU1k9uS+57hL4Z1WoUoiMKE=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4CkltrV0IBV24rGAf0IQymU7aoTNJmIdQQsGNv+LGhSJu/Ql3/o3Th6CiB+7lcM69zNwTpoxK5bof1sLi0vLKam4tv76xubVt7+w2ZaIFJg2csES0QyQJozFpKKoYaaeCIB4y0gqHFxO/dUuEpEl8o0YpCTjqxzSiGCkjde19XyENz6HPNfQjgXDWg3ps2mjctQuuUz31yuUKNKRyUqq6M1IsVaDnuFMUwBz1rv3u9xKsOYkVZkjKjuemKsiQUBQzMs77WpIU4SHqk46hMeJEBtn0hjE8MkoPRokwFSs4Vb9vZIhLOeKhmeRIDeRvbyL+5XW0is6CjMapViTGs4cizaBK4CQQ2KOCYMVGhiAsqPkrxANkklAmtrwJ4etS+D9pFh3PdbzrUqF2OY8jBw7AITgGHqiAGrgCddAAGNyBB/AEnq1769F6sV5nowvWfGcP/ID19gl4c5dx</latexit>

Charles’s law (1787)

Boyle’s law (1662)

Avogadro’s law (1811)

Amonton’s law (1808)

Ideal gas law (1834)
PV

TN
= kB

<latexit sha1_base64="0Bxr3J3zb2RszACxjSW1nqr4viM=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaS2xi6Eoi5cSYW+oA1hMp20QycPZiZCCPFX3LhQxK0f4s6/cfoQVPTAhcM593LvPV7MqJCm+aEtLa+srq0XNoqbW9s7u/refkdECcekjSMW8Z6HBGE0JG1JJSO9mBMUeIx0vcnl1O/eES5oFLZkGhMnQKOQ+hQjqSRXLw18jnDW7ORZ6yaH53DiXrh62TTqp1atZkNF7JNq3ZyTStWGlmHOUAYLNF39fTCMcBKQUGKGhOhbZiydDHFJMSN5cZAIEiM8QSPSVzREARFONjs+h0dKGUI/4qpCCWfq94kMBUKkgac6AyTH4rc3Ff/y+on0z5yMhnEiSYjni/yEQRnBaRJwSDnBkqWKIMypuhXiMVJpSJVXUYXw9Sn8n3QqhmUa1m213LhaxFEAB+AQHAML2KABrkETtAEGKXgAT+BZu9cetRftdd66pC1mSuAHtLdPQVeUhQ==</latexit><latexit sha1_base64="0Bxr3J3zb2RszACxjSW1nqr4viM=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaS2xi6Eoi5cSYW+oA1hMp20QycPZiZCCPFX3LhQxK0f4s6/cfoQVPTAhcM593LvPV7MqJCm+aEtLa+srq0XNoqbW9s7u/refkdECcekjSMW8Z6HBGE0JG1JJSO9mBMUeIx0vcnl1O/eES5oFLZkGhMnQKOQ+hQjqSRXLw18jnDW7ORZ6yaH53DiXrh62TTqp1atZkNF7JNq3ZyTStWGlmHOUAYLNF39fTCMcBKQUGKGhOhbZiydDHFJMSN5cZAIEiM8QSPSVzREARFONjs+h0dKGUI/4qpCCWfq94kMBUKkgac6AyTH4rc3Ff/y+on0z5yMhnEiSYjni/yEQRnBaRJwSDnBkqWKIMypuhXiMVJpSJVXUYXw9Sn8n3QqhmUa1m213LhaxFEAB+AQHAML2KABrkETtAEGKXgAT+BZu9cetRftdd66pC1mSuAHtLdPQVeUhQ==</latexit><latexit sha1_base64="0Bxr3J3zb2RszACxjSW1nqr4viM=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaS2xi6Eoi5cSYW+oA1hMp20QycPZiZCCPFX3LhQxK0f4s6/cfoQVPTAhcM593LvPV7MqJCm+aEtLa+srq0XNoqbW9s7u/refkdECcekjSMW8Z6HBGE0JG1JJSO9mBMUeIx0vcnl1O/eES5oFLZkGhMnQKOQ+hQjqSRXLw18jnDW7ORZ6yaH53DiXrh62TTqp1atZkNF7JNq3ZyTStWGlmHOUAYLNF39fTCMcBKQUGKGhOhbZiydDHFJMSN5cZAIEiM8QSPSVzREARFONjs+h0dKGUI/4qpCCWfq94kMBUKkgac6AyTH4rc3Ff/y+on0z5yMhnEiSYjni/yEQRnBaRJwSDnBkqWKIMypuhXiMVJpSJVXUYXw9Sn8n3QqhmUa1m213LhaxFEAB+AQHAML2KABrkETtAEGKXgAT+BZu9cetRftdd66pC1mSuAHtLdPQVeUhQ==</latexit><latexit sha1_base64="0Bxr3J3zb2RszACxjSW1nqr4viM=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaS2xi6Eoi5cSYW+oA1hMp20QycPZiZCCPFX3LhQxK0f4s6/cfoQVPTAhcM593LvPV7MqJCm+aEtLa+srq0XNoqbW9s7u/refkdECcekjSMW8Z6HBGE0JG1JJSO9mBMUeIx0vcnl1O/eES5oFLZkGhMnQKOQ+hQjqSRXLw18jnDW7ORZ6yaH53DiXrh62TTqp1atZkNF7JNq3ZyTStWGlmHOUAYLNF39fTCMcBKQUGKGhOhbZiydDHFJMSN5cZAIEiM8QSPSVzREARFONjs+h0dKGUI/4qpCCWfq94kMBUKkgac6AyTH4rc3Ff/y+on0z5yMhnEiSYjni/yEQRnBaRJwSDnBkqWKIMypuhXiMVJpSJVXUYXw9Sn8n3QqhmUa1m213LhaxFEAB+AQHAML2KABrkETtAEGKXgAT+BZu9cetRftdd66pC1mSuAHtLdPQVeUhQ==</latexit>



From experiment to Law

1.3 1.0 22

1.6 1.5 23

3.4 2.4 46

4.8 3.5 67

6.7 4.5 83

…

2.3 1.4 ?

q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit>

p1
<latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit>

p2
<latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit>

�p
<latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit>

q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit> h

(p1, p2)
<latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="C5N0xZpKz6oqvsMzxEHaOppc36M=">AAAB5nicbZBLSwMxFIXv1FetVatbN8EiVJAy040uBTcuK9gHtsOQSe+0oZlMSDJCKf0Xblwo4k9y578xfSy09UDg45yE3HtiJbixvv/tFba2d3b3ivulg/Lh0XHlpNw2Wa4ZtlgmMt2NqUHBJbYstwK7SiNNY4GdeHw3zzvPqA3P5KOdKAxTOpQ84YxaZz3VVBRcERU1LqNK1a/7C5FNCFZQhZWaUeWrP8hYnqK0TFBjeoGvbDil2nImcFbq5wYVZWM6xJ5DSVM04XQx8YxcOGdAkky7Iy1ZuL9fTGlqzCSN3c2U2pFZz+bmf1kvt8lNOOVS5RYlW36U5ILYjMzXJwOukVkxcUCZ5m5WwkZUU2ZdSSVXQrC+8ia0G/XArwcPPhThDM6hBgFcwy3cQxNawEDCC7zBu2e8V+9jWVfBW/V2Cn/kff4AUiOOIA==</latexit><latexit sha1_base64="me2l59S6fOkStIGIqfMNI3ayKz4=">AAAB5nicdZBLSwMxFIXv1FetVatbN8EiVJAhUynt7AQ3LivYB7ZlyKSZNjSTGZKMUEr/hRsXiviT3PlvTB+Cih4IHL6TkHtPmAquDcYfTm5jc2t7J79b2CvuHxyWjoptnWSKshZNRKK6IdFMcMlahhvBuqliJA4F64ST60XeeWBK80TemWnKBjEZSR5xSoxF95U08C5QGlTPg1IZu36jVrtsIOxi7Ff9ujW+73t1D3mWLFSGtZpB6b0/TGgWM2moIFr3PJyawYwow6lg80I/0ywldEJGrGetJDHTg9ly4jk6s2SIokTZIw1a0u8vZiTWehqH9mZMzFj/zhbwr6yXmagxmHGZZoZJuvooygQyCVqsj4ZcMWrE1BpCFbezIjomilBjSyrYEr42Rf+bdtX1sOvdYsjDCZxCBTyowxXcQBNaQEHCIzzDi6OdJ+d1VVfOWfd2DD/kvH0C4BSOhQ==</latexit><latexit sha1_base64="QO4C2h39l54T5s7t22TI7eYK15M=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAgVJEwqpc2uoAuXFewD2xAm00k7dDIJMxOhhP6FGxeKuPVv3Pk3TtoKKnrgwuGce7n3niDhTGmEPqyV1bX1jc3CVnF7Z3dvv3Rw2FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnM/e49lYrF4lZPE+pFeCRYyAjWRrqrJL5zDhO/euaXysh2G7XaRQMiGyG36tYNcV3XqTvQMUqOMlii5ZfeB8OYpBEVmnCsVN9BifYyLDUjnM6Kg1TRBJMJHtG+oQJHVHnZ/OIZPDXKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpzpseBkTSaqpIItFYcqhjmH+PhwySYnmU0MwkczcCskYS0y0CaloQvj6FP5POlXbQbZzg8rNq2UcBXAMTkAFOKAOmuAatEAbECDAA3gCz5ayHq0X63XRumItZ47AD1hvnxJcj98=</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit>

q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit>h

q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit>

L
<latexit sha1_base64="HZ5LF4cjoCbyFYeplbrhzqtnNnw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNiVlvAT148JCAeUCyhNlJbzJmdnaZmRVCyBd48aCIVz/Jm3/j5CGoaEFDUdVNd1eQcKa043xYmZXVtfWN7GZua3tndy+/f9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawehy5rfuQSoWi1s9TsCPyECwkFGijVS/6eULjn1ROT8rO9gQzytVygtSLHrYtZ05CmiJWi//3u3HNI1AaMqJUh3XSbQ/IVIzymGa66YKEkJHZAAdQwWJQPmT+aFTfGKUPg5jaUpoPFe/T0xIpNQ4CkxnRPRQ/fZm4l9eJ9Wh50+YSFINgi4WhSnHOsazr3GfSaCajw0hVDJzK6ZDIgnVJpucCeHrU/w/aRZt17HdeqlQvVrGkUVH6BidIhdVUBVdoxpqIIoAPaAn9GzdWY/Wi/W6aM1Yy5lD9APW2ydAeI0+</latexit><latexit sha1_base64="HZ5LF4cjoCbyFYeplbrhzqtnNnw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNiVlvAT148JCAeUCyhNlJbzJmdnaZmRVCyBd48aCIVz/Jm3/j5CGoaEFDUdVNd1eQcKa043xYmZXVtfWN7GZua3tndy+/f9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawehy5rfuQSoWi1s9TsCPyECwkFGijVS/6eULjn1ROT8rO9gQzytVygtSLHrYtZ05CmiJWi//3u3HNI1AaMqJUh3XSbQ/IVIzymGa66YKEkJHZAAdQwWJQPmT+aFTfGKUPg5jaUpoPFe/T0xIpNQ4CkxnRPRQ/fZm4l9eJ9Wh50+YSFINgi4WhSnHOsazr3GfSaCajw0hVDJzK6ZDIgnVJpucCeHrU/w/aRZt17HdeqlQvVrGkUVH6BidIhdVUBVdoxpqIIoAPaAn9GzdWY/Wi/W6aM1Yy5lD9APW2ydAeI0+</latexit><latexit sha1_base64="HZ5LF4cjoCbyFYeplbrhzqtnNnw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNiVlvAT148JCAeUCyhNlJbzJmdnaZmRVCyBd48aCIVz/Jm3/j5CGoaEFDUdVNd1eQcKa043xYmZXVtfWN7GZua3tndy+/f9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawehy5rfuQSoWi1s9TsCPyECwkFGijVS/6eULjn1ROT8rO9gQzytVygtSLHrYtZ05CmiJWi//3u3HNI1AaMqJUh3XSbQ/IVIzymGa66YKEkJHZAAdQwWJQPmT+aFTfGKUPg5jaUpoPFe/T0xIpNQ4CkxnRPRQ/fZm4l9eJ9Wh50+YSFINgi4WhSnHOsazr3GfSaCajw0hVDJzK6ZDIgnVJpucCeHrU/w/aRZt17HdeqlQvVrGkUVH6BidIhdVUBVdoxpqIIoAPaAn9GzdWY/Wi/W6aM1Yy5lD9APW2ydAeI0+</latexit><latexit sha1_base64="HZ5LF4cjoCbyFYeplbrhzqtnNnw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmNiVlvAT148JCAeUCyhNlJbzJmdnaZmRVCyBd48aCIVz/Jm3/j5CGoaEFDUdVNd1eQcKa043xYmZXVtfWN7GZua3tndy+/f9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawehy5rfuQSoWi1s9TsCPyECwkFGijVS/6eULjn1ROT8rO9gQzytVygtSLHrYtZ05CmiJWi//3u3HNI1AaMqJUh3XSbQ/IVIzymGa66YKEkJHZAAdQwWJQPmT+aFTfGKUPg5jaUpoPFe/T0xIpNQ4CkxnRPRQ/fZm4l9eJ9Wh50+YSFINgi4WhSnHOsazr3GfSaCajw0hVDJzK6ZDIgnVJpucCeHrU/w/aRZt17HdeqlQvVrGkUVH6BidIhdVUBVdoxpqIIoAPaAn9GzdWY/Wi/W6aM1Yy5lD9APW2ydAeI0+</latexit>

p1
<latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit>

p2
<latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit>

Darcy’s law

query

prediction



Empirical Law to Machine Learning

• Hypothesis: Which predictors  are possible?


• Objective Function: How good is the predictor?


• Optimization: How can we find the best predictor?

f

Dtrain
<latexit sha1_base64="nTnlzbdq94k/Os5Vu7OrKoie1vw=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgqM8XWuivqwmUFe4FOKZk0bUMzmSE5I5ZhNr6KGxeKuPUx3Pk2pheKiv4QOHz/OeSc348E1+A4n1ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtXyimeCS1YGDYK1IMRL4gjX90eXEb94xpXkob2EcsU5ABpL3OSVgUNc+8AICQ0oEvup6wO4hAUW4TLt23imcV0qlYgm7BWcqbIhRubwgeTRXrWt/eL2QxgGTQAXRuu06EXQSooBTwdKcF2sWEToiA9Y2pSQB051kekCKjw3p4X6ozJOAp/T7REICrceBbzon6+rf3gT+5bVj6Fc6CZdRDEzS2Uf9WGAI8SQN3OOKURBjUxCquNkV0yFRhILJLGdCWNz+f9EoFlyn4N6c5qsX8ziy6BAdoRPkojNURdeohuqIohQ9omf0Yj1YT9ar9TZrzVjzmX30Q9b7F509lxQ=</latexit><latexit sha1_base64="nTnlzbdq94k/Os5Vu7OrKoie1vw=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgqM8XWuivqwmUFe4FOKZk0bUMzmSE5I5ZhNr6KGxeKuPUx3Pk2pheKiv4QOHz/OeSc348E1+A4n1ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtXyimeCS1YGDYK1IMRL4gjX90eXEb94xpXkob2EcsU5ABpL3OSVgUNc+8AICQ0oEvup6wO4hAUW4TLt23imcV0qlYgm7BWcqbIhRubwgeTRXrWt/eL2QxgGTQAXRuu06EXQSooBTwdKcF2sWEToiA9Y2pSQB051kekCKjw3p4X6ozJOAp/T7REICrceBbzon6+rf3gT+5bVj6Fc6CZdRDEzS2Uf9WGAI8SQN3OOKURBjUxCquNkV0yFRhILJLGdCWNz+f9EoFlyn4N6c5qsX8ziy6BAdoRPkojNURdeohuqIohQ9omf0Yj1YT9ar9TZrzVjzmX30Q9b7F509lxQ=</latexit><latexit sha1_base64="nTnlzbdq94k/Os5Vu7OrKoie1vw=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgqM8XWuivqwmUFe4FOKZk0bUMzmSE5I5ZhNr6KGxeKuPUx3Pk2pheKiv4QOHz/OeSc348E1+A4n1ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtXyimeCS1YGDYK1IMRL4gjX90eXEb94xpXkob2EcsU5ABpL3OSVgUNc+8AICQ0oEvup6wO4hAUW4TLt23imcV0qlYgm7BWcqbIhRubwgeTRXrWt/eL2QxgGTQAXRuu06EXQSooBTwdKcF2sWEToiA9Y2pSQB051kekCKjw3p4X6ozJOAp/T7REICrceBbzon6+rf3gT+5bVj6Fc6CZdRDEzS2Uf9WGAI8SQN3OOKURBjUxCquNkV0yFRhILJLGdCWNz+f9EoFlyn4N6c5qsX8ziy6BAdoRPkojNURdeohuqIohQ9omf0Yj1YT9ar9TZrzVjzmX30Q9b7F509lxQ=</latexit><latexit sha1_base64="nTnlzbdq94k/Os5Vu7OrKoie1vw=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgqM8XWuivqwmUFe4FOKZk0bUMzmSE5I5ZhNr6KGxeKuPUx3Pk2pheKiv4QOHz/OeSc348E1+A4n1ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtXyimeCS1YGDYK1IMRL4gjX90eXEb94xpXkob2EcsU5ABpL3OSVgUNc+8AICQ0oEvup6wO4hAUW4TLt23imcV0qlYgm7BWcqbIhRubwgeTRXrWt/eL2QxgGTQAXRuu06EXQSooBTwdKcF2sWEToiA9Y2pSQB051kekCKjw3p4X6ozJOAp/T7REICrceBbzon6+rf3gT+5bVj6Fc6CZdRDEzS2Uf9WGAI8SQN3OOKURBjUxCquNkV0yFRhILJLGdCWNz+f9EoFlyn4N6c5qsX8ziy6BAdoRPkojNURdeohuqIohQ9omf0Yj1YT9ar9TZrzVjzmX30Q9b7F509lxQ=</latexit>

1.3 1.0 22

1.6 1.5 23

3.4 2.4 46

4.8 3.5 67

6.7 4.5 83

…

q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit>

p1
<latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit><latexit sha1_base64="AHHJyNJVQEn783bpxpGDP7jbpMQ=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1It7ewKblxJRfuAdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/feEySCa4PQh7Oyura+sVnYKm7v7O7tlw4O2zpOFWUtGotYdQOimeCStQw3gnUTxUgUCNYJJpe537lnSvNY3plpwvyIjCQPOSXGSrfJAA9KZeR69Wr1vA6Ri5BX8WqWeJ6Haxhiq+QogyWag9J7fxjTNGLSUEG07mGUGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/NT53BU6sMYRgrW9LAufp9IiOR1tMosJ0RMWP928vFv7xeasK6n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXExcvHNRblxvYyjAI7BCTgDGNRAA1yBJmgBCkbgATyBZ0c4j86L87poXXGWM0fgB5y3T5Vkjgk=</latexit>

p2
<latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit><latexit sha1_base64="gPtwtVlIP1s92GBxOf7TeSW4h6c=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1tLkVvHiSivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZFyScKe04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknmFzmfueeSsVicaenCfUjPBIsZARrI90mg8qgVHZsr16tnteRYzuOV/Fqhnie59Zc5BolRxmWaA5K7/1hTNKICk04VqrnOon2Myw1I5zOiv1U0QSTCR7RnqECR1T52fzUGTo1yhCFsTQlNJqr3ycyHCk1jQLTGWE9Vr+9XPzL66U6rPsZE0mqqSCLRWHKkY5R/jcaMkmJ5lNDMJHM3IrIGEtMtEmnaEL4+hT9T9oV23Vs9+ai3LhexlGAYziBM3ChBg24gia0gMAIHuAJni1uPVov1uuidcVazhzBD1hvn5bojgo=</latexit>

Training data:

Example

(p1, p2)
<latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="C5N0xZpKz6oqvsMzxEHaOppc36M=">AAAB5nicbZBLSwMxFIXv1FetVatbN8EiVJAy040uBTcuK9gHtsOQSe+0oZlMSDJCKf0Xblwo4k9y578xfSy09UDg45yE3HtiJbixvv/tFba2d3b3ivulg/Lh0XHlpNw2Wa4ZtlgmMt2NqUHBJbYstwK7SiNNY4GdeHw3zzvPqA3P5KOdKAxTOpQ84YxaZz3VVBRcERU1LqNK1a/7C5FNCFZQhZWaUeWrP8hYnqK0TFBjeoGvbDil2nImcFbq5wYVZWM6xJ5DSVM04XQx8YxcOGdAkky7Iy1ZuL9fTGlqzCSN3c2U2pFZz+bmf1kvt8lNOOVS5RYlW36U5ILYjMzXJwOukVkxcUCZ5m5WwkZUU2ZdSSVXQrC+8ia0G/XArwcPPhThDM6hBgFcwy3cQxNawEDCC7zBu2e8V+9jWVfBW/V2Cn/kff4AUiOOIA==</latexit><latexit sha1_base64="me2l59S6fOkStIGIqfMNI3ayKz4=">AAAB5nicdZBLSwMxFIXv1FetVatbN8EiVJAhUynt7AQ3LivYB7ZlyKSZNjSTGZKMUEr/hRsXiviT3PlvTB+Cih4IHL6TkHtPmAquDcYfTm5jc2t7J79b2CvuHxyWjoptnWSKshZNRKK6IdFMcMlahhvBuqliJA4F64ST60XeeWBK80TemWnKBjEZSR5xSoxF95U08C5QGlTPg1IZu36jVrtsIOxi7Ff9ujW+73t1D3mWLFSGtZpB6b0/TGgWM2moIFr3PJyawYwow6lg80I/0ywldEJGrGetJDHTg9ly4jk6s2SIokTZIw1a0u8vZiTWehqH9mZMzFj/zhbwr6yXmagxmHGZZoZJuvooygQyCVqsj4ZcMWrE1BpCFbezIjomilBjSyrYEr42Rf+bdtX1sOvdYsjDCZxCBTyowxXcQBNaQEHCIzzDi6OdJ+d1VVfOWfd2DD/kvH0C4BSOhQ==</latexit><latexit sha1_base64="QO4C2h39l54T5s7t22TI7eYK15M=">AAAB8XicdVDLSsNAFJ34rPVVdelmsAgVJEwqpc2uoAuXFewD2xAm00k7dDIJMxOhhP6FGxeKuPVv3Pk3TtoKKnrgwuGce7n3niDhTGmEPqyV1bX1jc3CVnF7Z3dvv3Rw2FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnM/e49lYrF4lZPE+pFeCRYyAjWRrqrJL5zDhO/euaXysh2G7XaRQMiGyG36tYNcV3XqTvQMUqOMlii5ZfeB8OYpBEVmnCsVN9BifYyLDUjnM6Kg1TRBJMJHtG+oQJHVHnZ/OIZPDXKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpzpseBkTSaqpIItFYcqhjmH+PhwySYnmU0MwkczcCskYS0y0CaloQvj6FP5POlXbQbZzg8rNq2UcBXAMTkAFOKAOmuAatEAbECDAA3gCz5ayHq0X63XRumItZ47AD1hvnxJcj98=</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit><latexit sha1_base64="H/9vhYoRggtvBzcPdCsLCCowuGA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUkCFTLe3sCrpwWcE+sB2GTJppQzOZIckIpfQv3LhQxK1/486/MdNWUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgy8zv3VCoWi1s9SagX4aFgISNYG+munPjOGUz8yqlfLCHbrVer53WIbITcilszxHVdp+ZAxygZSmCJpl987w9ikkZUaMKxUj0HJdqbYqkZ4XRW6KeKJpiM8ZD2DBU4osqbzi+ewROjDGAYS1NCw7n6fWKKI6UmUWA6I6xH6reXiX95vVSHdW/KRJJqKshiUZhyqGOYvQ8HTFKi+cQQTCQzt0IywhITbUIqmBC+PoX/k3bFdpDt3FyUGlfLOPLgCByDMnBADTTANWiCFiBAgAfwBJ4tZT1aL9brojVnLWcOwQ9Yb58TnI/j</latexit>

�
<latexit sha1_base64="23buZbCjIj9lg7UcR1mFdDKgwJQ=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJsbXuim5cVrAXaEOZTCfN0MkkzEyEEvoKblwo4tYXcufbOGlLUdEfBg7ffw5zzu8nnCntOJ9WYW19Y3OruF3a2d3bPygfHnVUnEpC2yTmsez5WFHOBG1rpjntJZLiyOe0609ucr/7QKVisbjX04R6ER4LFjCCdY4GSciG5YpjXzVqtWoNubYzFzLEqF5fkQos1RqWPwajmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzymfVMKHFHlZfNdZ+jMkBEKYmme0GhOv09kOFJqGvmmM8I6VL+9HP7l9VMdNLyMiSTVVJDFR0HKkY5RfjgaMUmJ5lNTYCKZ2RWREEtMtImnZEJY3f5/0anarmO7dxeV5vUyjiKcwCmcgwuX0IRbaEEbCITwCM/wYkXWk/VqvS1aC9Zy5hh+yHr/AotNjpI=</latexit><latexit sha1_base64="23buZbCjIj9lg7UcR1mFdDKgwJQ=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJsbXuim5cVrAXaEOZTCfN0MkkzEyEEvoKblwo4tYXcufbOGlLUdEfBg7ffw5zzu8nnCntOJ9WYW19Y3OruF3a2d3bPygfHnVUnEpC2yTmsez5WFHOBG1rpjntJZLiyOe0609ucr/7QKVisbjX04R6ER4LFjCCdY4GSciG5YpjXzVqtWoNubYzFzLEqF5fkQos1RqWPwajmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzymfVMKHFHlZfNdZ+jMkBEKYmme0GhOv09kOFJqGvmmM8I6VL+9HP7l9VMdNLyMiSTVVJDFR0HKkY5RfjgaMUmJ5lNTYCKZ2RWREEtMtImnZEJY3f5/0anarmO7dxeV5vUyjiKcwCmcgwuX0IRbaEEbCITwCM/wYkXWk/VqvS1aC9Zy5hh+yHr/AotNjpI=</latexit><latexit sha1_base64="23buZbCjIj9lg7UcR1mFdDKgwJQ=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJsbXuim5cVrAXaEOZTCfN0MkkzEyEEvoKblwo4tYXcufbOGlLUdEfBg7ffw5zzu8nnCntOJ9WYW19Y3OruF3a2d3bPygfHnVUnEpC2yTmsez5WFHOBG1rpjntJZLiyOe0609ucr/7QKVisbjX04R6ER4LFjCCdY4GSciG5YpjXzVqtWoNubYzFzLEqF5fkQos1RqWPwajmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzymfVMKHFHlZfNdZ+jMkBEKYmme0GhOv09kOFJqGvmmM8I6VL+9HP7l9VMdNLyMiSTVVJDFR0HKkY5RfjgaMUmJ5lNTYCKZ2RWREEtMtImnZEJY3f5/0anarmO7dxeV5vUyjiKcwCmcgwuX0IRbaEEbCITwCM/wYkXWk/VqvS1aC9Zy5hh+yHr/AotNjpI=</latexit><latexit sha1_base64="23buZbCjIj9lg7UcR1mFdDKgwJQ=">AAAB63icdZDLSsNAFIZP6q3WW9Wlm8EiuApJsbXuim5cVrAXaEOZTCfN0MkkzEyEEvoKblwo4tYXcufbOGlLUdEfBg7ffw5zzu8nnCntOJ9WYW19Y3OruF3a2d3bPygfHnVUnEpC2yTmsez5WFHOBG1rpjntJZLiyOe0609ucr/7QKVisbjX04R6ER4LFjCCdY4GSciG5YpjXzVqtWoNubYzFzLEqF5fkQos1RqWPwajmKQRFZpwrFTfdRLtZVhqRjidlQapogkmEzymfVMKHFHlZfNdZ+jMkBEKYmme0GhOv09kOFJqGvmmM8I6VL+9HP7l9VMdNLyMiSTVVJDFR0HKkY5RfjgaMUmJ5lNTYCKZ2RWREEtMtImnZEJY3f5/0anarmO7dxeV5vUyjiKcwCmcgwuX0IRbaEEbCITwCM/wYkXWk/VqvS1aC9Zy5hh+yHr/AotNjpI=</latexit>

Feature extractor
Training

Predictor

h q
<latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit><latexit sha1_base64="swfkWesXEdNOBpe1xcf6tIutNmk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ0+QzOQW8OJJopgFkiH0dHqSJj2L3T1CGPIHXjwo4tU/8ubf2FkEFX1Q8Hiviqp6QSq40hh/WCura+sbm4Wt4vbO7t5+6eCwpZJMUtakiUhkJyCKCR6zpuZasE4qGYkCwdrB+GLmt++ZVDyJb/UkZX5EhjEPOSXaSDd3qF8qY7tScV1cQdiueVXHdQ3xatjzqsix8RxlWKLRL733BgnNIhZrKohSXQen2s+J1JwKNi32MsVSQsdkyLqGxiRiys/nl07RqVEGKEykqVijufp9IieRUpMoMJ0R0SP125uJf3ndTIeen/M4zTSL6WJRmAmkEzR7Gw24ZFSLiSGESm5uRXREJKHahFM0IXx9iv4nrYrtYNu5Pi/Xr5ZxFOAYTuAMHHChDpfQgCZQCOEBnuDZGluP1ov1umhdsZYzR/AD1tsnwOONjA==</latexit>

�p
<latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit><latexit sha1_base64="/atVWE1H8RAh3I0k7ECTtxOvo5c=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0iqpc2toAdPUsF+QBvKZrtpl242cXcilNI/4cWDIl79O978N27aCir6YODx3gwz84JEcA2O82HlVlbX1jfym4Wt7Z3dveL+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2ML7I/PY9U5rH8hYmCfMjMpQ85JSAkTq9SyaA4KRfLDm2V6tUzmrYsR3HK3tVQzzPc6sudo2SoYSWaPSL771BTNOISaCCaN11nQT8KVHAqWCzQi/VLCF0TIasa6gkEdP+dH7vDJ8YZYDDWJmSgOfq94kpibSeRIHpjAiM9G8vE//yuimENX/KZZICk3SxKEwFhhhnz+MBV4yCmBhCqOLmVkxHRBEKJqKCCeHrU/w/aZVt17Hdm/NS/XoZRx4doWN0ilxURXV0hRqoiSgS6AE9oWfrznq0XqzXRWvOWs4coh+w3j4BH1iQEQ==</latexit>

Labels

Machine Learning

Empirical Law

• Hypothesis: linear relationship 


• Objective Function: How linear is the relationship?


• Optimization: What’s the proportionality constant?

Δp ∼ q



h(x) = ax

Given new input, what’s the output?

Linear function

Assume a linear hypothesis

h(x) = ax + b

What are the best  and   
that fit the data?

a b

,  are fitting parametersa b

x yh

x

y

xq

yp

h



hθ(x) = θ0 + θ1x

hθ(x) = [θ0, θ1] ⋅ [1, x]
Unknown  

parameters
Input  

features
What’s the best ?θ = [θ0, θ1]θ ⋅ x

x yh

Assume a linear hypothesis

Linear function

x

y

xq

yp

h

Given new input, what’s the output?



What happens if we have more inputs?
Assume a linear hypothesis

hθ(x) = θ0 + θ1x1 + θ2x2 + θ3x3 + …

hθ(x) = [θ0, θ1, θ2, θ3, …] ⋅ [1, x1, x2, x3, …]

hθ(x) = θ ⋅ x = θ⊤x

θ xweights features

x1 x2 y
x(1)

1

x(2)
1

x(3)
1

x(4)
1

x(1)
2

x(2)
2

x(3)
2

x(4)
2

y(1)

y(2)

y(3)

y(4)

… … …

Inputs Output
x yh



How do you find

  

The Best Model  

that fits the data?



Titius–Bode law
• Johan Bode (Law): “Supposing the distance of the 

Earth from the Sun to be divided into ten equal Parts, 
of these the distance of Mercury will be about four, of 
Venus seven, of Mars fifteen, of Jupiter fifty two, and 
that of Saturn ninety five.”


• In 1766, Johann Titius noticed a mathematical pattern 
in planetary distances 

   AU


• The formula predicted planets at 


0.4, 0.7, 1.0, 1.6, 2.8, 5.2, 10.0 AU 

• All known planets fit, except there was a gap at 2.8 AU 
between Mars and Jupiter!


• Astronomers believed a "missing planet" existed there

d = (3 * 2n + 4)/10

https://en.wikipedia.org/wiki/Titius%E2%80%93Bode_law

d
Earth



The Unsolvable Problem
• Giuseppe Piazzi, observing from Sicily, spotted a faint 

object moving against the stars 

• He tracked it for 41 days through only 9 degrees of arc, 
then it disappeared into the Sun's glare


• Problem: How do you find it again with less than 1% 
of its orbit observed? 

• (Noisy) Data: 22 observations over 41 days  
(timestamp + 2 angles each)


• Unknown parameters: 6 orbital parameters (shape, size, 
orientation of ellipse)


• Laplace declared it unsolvable!

https://en.wikipedia.org/wiki/Titius%E2%80%93Bode_law

Earth



Gauss’s Solution
• Gauss selected 3 well-spaced observations (Jan 1, Jan 

21, Feb 11).


• Made no assumptions about eccentricity (unlike others 
who assumed circular or parabolic)


• Iteratively refined using all 22 observations!


• Strategy: find parameters that minimize the sum of 
squared errors across ALL observations.


• The innovation is that instead of fitting exactly through 
any single point, he found a curve that minimizes:


22

∑
i=1

(observation - prediction)2

Earth

https://www.actuaries.asn.au/research-analysis/gauss-least-squares-and-the-missing-planet



Gauss’s Solution
• On December 1801, Gauss published his prediction, 

and his position was 6° away from other astronomers' 
guesses


• Franz von Zach found Ceres on Dec 31, 1801, within 
0.5° of Gauss's prediction, and was quote saying: 


“Ceres can never again be lost, since the ellipse  
of Dr. Gauss agrees so exactly with its location.”


• What equation did Gauss fit? Ellipses described by 
Kepler’s laws (who solved a hard ‘fitting’ problem!)

https://github.com/aerospaceresearch/orbitdeterminator/blob/master/orbitdeterminator/example_data/mpc_ceres_data.txt



Gauss and Ceres
• Giuseppe Piazzi, observing from Sicily, 

spotted a faint object moving against 
the stars 

• He tracked it for 41 days through only 
9 degrees of arc, then it disappeared 
into the Sun's glare


• Problem: How do you find it again with 
less than 1% of its orbit observed?

https://en.wikipedia.org/wiki/Titius%E2%80%93Bode_law



How do we pick the best parameters  ?θ

x

y

hθ (x(i))

y(i)

x(i)

Cost function

J(θ) =
1
2

n

∑
i=1

(hθ (x(i)) − y(i))
2

=
1
2

n

∑
i=1

(θ⊤x(i) − y(i))2

Ordinary least squares

hθ (x(i)) − y(i) Absolute loss

(hθ (x(i)) − y(i))
2

Square loss

distance (hθ (x(i)), y(i))

hθ (x(i)) − y(i) Residuals

hθ(x) = θ⊤x =
d

∑
i=0

θi xi

Hypothesis



Choose  to minimize the cost θ J(θ)

θj

J(θj)

Gradient Descent Update

Learning Rate

while not converged:

θj := θj − α
∂J(θ)
∂θj

Cost function

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2

∂J(θ)
∂θj

Initial Guess

θo
jOptimal  

Solution
̂θj



The gradient can be computed explicitly

Derive    explicitly
∂J(θ)
∂θj

Assume: y = θ0 + θ1x

Gradient Descent Update

Learning Rate

while not converged:

θj := θj − α
∂J(θ)
∂θj

For a single  pair(x, y)
θj

J(θj)

∂J(θ)
∂θj

Initial Guess

θo
jOptimal  

Solution
̂θj



θ0

θ1

J(θ)
∇θJ(θ)

⃗θ := ⃗θ − α∇θJ(θ)

θ1

θ0

∇θJ(θ)

Gradient Descent Update in 2D



θj := θj − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)
j

Stack and vectorize

⃗θ := ⃗θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) ⃗x(i)

θj := θj − α
∂J
∂θj

⃗θ := ⃗θ − α ⃗∇θJ(θ)

(Epochs)for t = 1…T:

Batch Gradient Descent

⃗θ := ⃗θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) ⃗x(i)



For a single training example :(x(i), y(i))

⃗θ := ⃗θ − α (hθ (x(i)) − y(i)) ⃗x(i)

(Epochs)for t = 1…T:

⃗θ := ⃗θ − α (hθ (x(i)) − y(i)) ⃗x(i)

for all examples :i

Stochastic Gradient Descent

⃗θ := ⃗θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) ⃗x(i)

too expensive for large n



θ0

θ1

J(θ)
∇θJ(θ)

(Epochs)for t = 1…T:

⃗θ := ⃗θ − α (hθ (x(i)) − y(i)) ⃗x(i)

for all examples :i

Stochastic Gradient Descent

θ1

θ0

∇θJ(θ)



for t = 1…T:

⃗θ := ⃗θ − α (hθ (x(i)) − y(i)) ⃗x(i)

for all examples :i

Stochastic Gradient Descent

for t = 1…T:

Batch Gradient Descent

θ := θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)

θ1

θ0

∇θJ(θ)



1. Assume a linear hypothesis

hθ(x) = θ⊤x =
d

∑
i=0

θi xi

̂θ

y = h ̂θ(x)
4. Optimal predictor

ypred = h ̂θ(xnew)
5. Predict unseen data

2. Cost function

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2

̂θ = arg min
θ

J(θ)

3. Minimize

x

y

xq

yp

h

for t = 1…T:

⃗θ := ⃗θ − α (hθ (x(i)) − y(i)) ⃗x(i)

for all examples :i

SGD



Hooke’s Law
Homework assignment for next week - with leaderboard


